GEOMETRIC CONTROL IN THE PRESENCE OF A BLACK BOX 



NICOLAS BURQ AND MACIEJ ZWORSKI 

Abstract. We apply the "black box" scattering theory to problems in control theory for the 
Schrodinger equation, and in high energy eigenvalue scarring. 



1. Introduction 

The purpose of this paper is to show how ideas coming from scattering theory (resolvent 
estimates) lead to results in control theory and to some closely related eigenfunction estimates. 

The black box approach in scattering theory developed by Sjostrand and the second author 
[22] puts scattering problems with different structures in one framework, and allows abstract 
applications of spectral results known for confined systems. One striking example is a reduction 
of scattering on finite volume surfaces to one dimensional black box scattering. In this paper 
we take the opposite point of view: a black box in a confined system is replaced by a scattering 
problem. That permits having isolated dynamical phenomena (such as only one closed orbit) 
impossible in confined systems. It also permits using some finer results of scattering theory 
directly. 

We stress that this follows the well established trend (see Bardos-Lebeau- Ranch 0) of using 
propagation of singularities results developed for scattering theory in geometric control theory. 
We also mention that the term "black box" is commonly used, in a similar context, in applied 
control theory 

Since the proofs are simple and since it is profitable to state the results in an abstract setting 
which requires a certain amount of preparation, in this section we will present some typical 
applications. 




o 



Control region 



Black box model: 
Ikawa's obstacle scattering 



Figure 1. Control in the exterior of several convex bodies 
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In geometric control theory for the Schrodinger equation (see Lebeau jJEli and also 123, EH] 
for earlier work and background) we are concerned with the following mixed problem: 

{idt + A)u = inn 

(1.1) u\[Q^T]xdn^ g^[o,T]xr 

^1^4=0= No- 
where n is an open subset of M'', dfl is its boundary and T is an open subset of dfl. The 
question is to determine a (large) class of functions uq for which there exists a control g such 
that u\t=T= 0. In a geometric setting in which full geometric control fails, the following result 
was established by the first author in (^i 

Theorem 1. Consider O ~ 'JjLiOj C M'', a union of mutually disjoint closed sets with strictly 
convex smooth boundaries, and satisfying the assumptions in Sect \6.S\ below. Let Q, be a bounded 
domain with a smooth boundary and containing convhull(0). Denote by fl — fl\Q and T — dft. 
Then for any T, e > and any uq € i?Q^'^(ri) there exists g £ L^([0, T] x F) such that in Hl.l|l . 
with we have u\t>T= 0. 

In Fig^on the left we have three convex obstacles inside of the boundary of fl. Inside of the 
black box bounded by the dotted line the local geometry is the same as in the scattering problem 
on the right. 

We are going to show how Theorem^Jcan be obtained directly from estimates on the resolvent 
of the Laplace operator, which in turn can be deduced from semi-classical microlocal analysis or 
from known results in scattering theory. In the case quoted above, these come from the work of 
Ikawa jJHl and in particular we can now avoid most of the delicate analysis of [3j. 

The next application generaHzes a result of Colin de Verdiere and Parisse [l^ who considered a 
special case of an isolated trajectory lying on a segment of a constant negative curvature cyHnder 
in dimension two: 

Theorem 2. Suppose that iX,g) is a compact Riemannian manifold with a (possibly empty) 
boundary and j C X is a closed hyperbolic geodesic (we allow broken geodesic flow as long 
as the reflections are all transversal). If x ^ [0, 1]) is supported in a sufficiently small 

neighbourhood of j then there exists a constant C — C{^) such that for any eigenfunction, u, of 
the Laplacian, Ag with Dirichlet or Neumann boundary conditions, we have 

(1.2) c[ \u{x)\'^{l~x)ix)dvo\g>-^ I \u{x)\'^dvo\g , -AgU = Xu. 

Jx log ^ Jx 

An example 52] of a cyHnder segment with Dirichlet boundary conditions shows that the 
result is optimal. 

The proof of Theorem 121 (see also Theorem[2I) is based on putting the closed hyperbolic orbit 
into a microlocal black box, where that orbit becomes the only trapped orbit in a scattering 
problem. We can then use scattering estimates based on the quantum monodromy method . 
and the work of Gerard flS^ and Gerard-Sjostrand [T7| to obtain estimates leading to lll.2|l . 

We conclude with a brief discussion of another example related to eigenvalue scarring (see 
Theorem|n|below for a full discussion). While in Theorem|21we eliminated the need for separation 
of variables, its use is essential in this case. For the Bunimovich cavity shown in Fig[21the natural 
black box for constructing bouncing ball modes (two are shown in the same figure) is a rectangle 
constituting the central part of the cavity - see the recent discussion of this in and • On 
one hand, our result shows that the crude error estimate 

(1.3) (~Az3 - A)«A - 0(1) , |hi|| = l, 
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Figure 2. An experimental image of the wave in the "black box" in Fig. |3- 
see [ID) and .http : / / www . bath . ac . uk/ ^pyscmd/ acoustics, 

in the quasimodes obtained by truncating the rectangle modes is in fact the best possible and on 
the other hand that the eigenfunctions can not acumulate at high frequency only in the central 
part. This agrees with the experimental results where it was stressed that phenomena shown 
in FigElcan occur only at low frequencies (see also for a different discussion and references to 
the physics literature). For an exact eigenstate we have the following 

Theorem 3. Let u be a Dirichlet eigenfunction of the Laplacian on the Bunimovich stadium M : 

— Au = Au, u\qm— 

Let a{x) he any continuous function identically 1 on the non-rectangular part of M . Then there 
exists C > such that 

(1.4) c( \a{x)u{x)\^dx> ( \u{x)\'^dx. 

Jm Jm 

Stronger results (implying ljl.4|l l are presented in Theorems |2l and |2l in Sect 16 .31 A self 
contained proof of Theorem El and a discussion of related mathematical and physical literature 
has been presented in [Jj . We stress that only the properties of the rectangular part used as a 
"black box" are needed for this result. 

Acknowledgments. The authors would like to thank the National Science Foundation for 
partial support under the grant DMS-0200732. They are also grateful to Steve Zelditch for 
informing them of Jij and [H3 which expanded the breadth of this note, to Luc Miller for 
helpful comments on the first version of the paper, and to Victor Humphrey and Paul Chinnery 
for the permission to use their Fig[2l The first author thanks the Mathematical Science Research 
Institute for its hospitality during spring 2003. 

2. Preliminaries 

In this section we review some basic aspects of semiclassical microlocal analysis, following j^Hl 
Section 3]. Thus, let X he a compact C°° manifold. We consider pseudo-differential operators as 

acting on half-densities, u{x)\dx\^ G C°°(X, f2|^), where we use the informal notation indicating 
how the half-densities change under changes of variables: 

u{x)\dx\^ = v{y)\dy\^ , y = k{x) 4=^ v{k{x))\k' {x)\^ — u{x) , 
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Consequently the symbols will also be considered as half-densities - see |21[ Sect. 18.1] for a general 
introduction and [SJ! Appendix] for a discussion of the semi-classical case. This way our results 
are more general and do not depend on the choice of a metric on X . If X is a Riemannian manifold 
and the operator we consider its Laplace-Bertrami operator then the natural Riemannian density 
is all we need. 

By symbols on X we mean the following class: 

Sk,m(^T*X,n^,^) = {aeC^iT*X X (0,1]; 4.^) : \d^d^aix,^;h)\ < C^,^h-^'^{0'~\^^} , 

and the class corresponding pseudodifferential operators, 5'™''°(X, f2|-), obtained from a local 
formula in R": 

(2.1) OpTAaMx) = J J a e^^^-y-^^/My)dydC 

The principal symbol map, 

ah : ■9l''''iX,nl) — ^ 5''='"/S''=-i^'"-^(T*X,f^|.x). 

gives the left inverse of Op^ in the sense that an o Op^ : 5"-'= ^ s'''''' / S"''^'''-^ is the natural 
projection. We refer to |1^ for a detailed discussion of the Weyl quantization and to for a 
discussion in the case of manifolds. 

For a e S"^-''{T*Xnl,^) we follow ^ in defining 

ess-supp^ aCT*XUS*X , 5*X =^ (r*X \ 0) /R+ , 
where the usual IR+ action is given by multiplication on the fibers: {x,^) i-^ {x,t^), as 
ess-supp/j a = 

C{ix, e T*X : 3 6 > d^d^aix', O = 0{h°") , d{x, x') + \^ ~ ^'1 < 4 
uC{{x,C) &T*X\0 : 3e>0 d^d^a{x',e) ^Oih°°{^')-°°), 

d{x,x') + im + \^m-e/\e\\<e}/R+ 

For A e *™'''(X, nl), then put 

WFh{A) = ess-supp^ a , Op^ia) , 

and this definition does not depend on the choice of Op^ ■ For 

u eC°°{{0,l]h;V'{X,nl)) , 3No, is bounded in ^'(X,!^!), 

we define the semi- classical wave front set as 

WFh{u)^\:{{x,0 : 3Ae^°f{X,nl)ah{A){x,O^0, G /i°°C°°((0, 1]„;C~(X, 4))} . 

When u is not necessarily smooth we can give a definition analogous to that of ess-supp,j a. In 
this paper we will work in a pure semi-classical setting and consequently only compact subsets 
of T*X will be important. Consequently, this definition is sufficient for our purposes. 

We also need to review the notion of microlocal equivalence of operators and other objects. 
Suppose that 

T : c°^{x,ni)^c°^{x,ni), 

and that for any semi-norm || • ||i on C°"{X,ilj^) there exists a semi-norm || • ||2 and Mq such 
that 

\\Tu\\,^Oih-'"'>)\\uh. 
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This condition makes T semi- classically tempered. In the sequel all operators considered will be 
assumed to satisfy this temperence condition. For open sets, V C T*X, U C T*X, the operators 
defined microlocally near V x U are given by equivalence classes of tempered operators given by 
the relation 

T-T' A{T -T')B = 0{h°°) : V'{X,nl) — >C°"{X,nl), 

for any A, Be n^) such that 

WF(A)ciV, WF{B)<zU, 
(2.2) _ ^ _ . ^ ^ 

F (E y (E T*X , [/ (E C/ <E T*X , U ,V open . 

We say that P — Q microlocally near U xV \i APB — AQB ~ OL^^L^{h°°), where because 
of the assumed pre-compactness of U and V the norms can be replaced by any other norms. 
For operator identities this will be the meaning of equality of operators in this paper, with U, V 
specified (or clear from the context). Similarly, we say that B = microlocally near V xV ,\{ 
BT = / microlocally near U xU, and TB — I microlocally near V xU. More generally, we could 
say that P — Q microlocally on 14^ C T*X x T*X (or, say, P is microlocally defined there), if 
for any U,V , U x V C W, P — Q microlocally in U xV. We should stress that "microlocally" is 
always meant in this semi-classical sense in our paper. 

Rather than review the definition of /i-Fourier integral operators we will recall a characteriza- 
tion which is essentially a converse of Egorov's theorem: 

Proposition 2.1. Suppose that U = 0(1) : L^{X) L'^{X), and that for every A e 
we have 

AU^UB, Be*"-°(X), (t{B) ^ K'aiA) , 

microlocally near (mo, mo) where k : T*X T*X is a symplectomorphism, defined locally near 
mo, K{mo) = rriQ. Then U is, microlocally, near (mo, mo), an h-Fourier integral operator of 
order zero, quantizing k, that is associated to the graph of k. 

For the proof and further details we refer the reader to Lemma 3.4]. We will use the 
following well known fact (see ^33, Proposition 3.5] for the proof): 

Proposition 2.2. Suppose that P £ ^5|''^(X) has a real principal symbol which satisfies the 
condition 

p = 0=^ dp^O. 
For any mg £ p~^{0) there exists an h-Fourier Integral Operator, F, 

FP — hDx^F , microlocally near ((0, 0), mg) 
F^^ exists microlocally near (mo, (0,0)) . 

3. From resolvent estimates to time dependent control 

In this section we will present a simple abstract argument showing how semi-classical resolvent 
estimates give a control result for the semi-classical Schrodinger operator. An adaptation of this 
argument to the classical control setting will be presented in Sect 21 

Theorem 4. Let P{h) he a family of self-adjoint operators on a Hilhert space Ti, with a fixed 
domain V. Let Hi be another Hilhert space, and suppose that for a hounded family operators, 
A(h) : V Hi, we have 

(3.1) \\u\\n < ^\\{P{h) + T)u\\n + g{h)\\mn\\m , 
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T e I = {-b,-a) (E M, 1 < G{h) = 0{h-^°), for some Nq. Fix x e C^{{a,b)). There exists 
constants cq, and Cq, such that for any T{h) satisfying 

(3.2) ^ < CO 
we have for < h < hQ{S), 

(3.3) MP{h))urn < \\A{h)e~^'P'^'^'^/'\{P{h))urn^dt. 

To motivate the abstract presentation we relate the notation of Theorem ^ to a concrete 
situation. Thus let P{h) — — /i^A be the Dirichlet Laplacian on a compact manifold fi, with 
boundary dVl. Then 

n^L'^in), V = H'^{n)nH^{n). 

Let r C rJ. We then define 

Hi = L2(r) , V3u< — > A{h)u = hd^u\r€ Hi , 

where di, denotes the inward pointing normal to dfl. The estimate (I3.3|l is a typical observability 
estimate equivalent by duality to an exact control statement (see Sect l6.1|l . An abstract method 
for obtaining semi-classical estimates 113. l|l wih be presented in Sect^ 

Proof Let us put v{t) = c^pi-itP{h)/h)x{P{h))u. We introduce a function ijj G C^°°(R; [0,1]), 
and put 

Clearly, 

Because of the compact support we can take the (semi-classical) Fourier transform in t which 
gives 

(r + P)wir) ^ --^^,_(^'(./T(/z))t;)(r) . 
For r e / we can use Ij3.1|l which gives 

||^)(r)||«<^||.F,^.(V/(./T(MHMII«+.9(MP(Wr)||«,. 
Using the generahzed Plancherel theorem we obtain 

\\wir)rndr < 2^||^'(./n/^))t'lli^(E,;«) + UhnAih)w\\h^^^.^^^^ . 

We now want to show that we can integrate over M in place of / in the left hand side. That 
follows from 

(3.4) |lu;(r)%\,(T)ll« = O (^(^^J^^^ WxiPMn , 
which in turn follows from integration by parts in 

w{t) = ^ e-^*(^+^)/V (I) x{P)udt = ^(-(P + r)-i/iAe-^*(^+^)/")^ (^|) x{P)udt , 
using 

Vr eM\/ \\iP + T)x{P)u\\H > ^WxiPMn- 
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Thus we obtained 

|2 



G{hf 



and the first term on the right can be absorbed on the left using (|3.2|l . In fact, since 



sup — — TT 

0GC~((o,i)) Jo (t)'[sYds 



we have from the definition of w, and for any e > 0, 

\\x{P)u\\n < 2(vr2 + + 2^\\Aih)w\\l.^^^.^^^^ + OihnWxiPM'n ■ 

This completes the proof once we take h small enough. □ 



4. SeMICLASSICAL black box RESOLVENT ESTIMATES 

In this section we will make assumptions under which resolvent estimates can be obtained in 
the semi-classical setting. For simplicity no boundary will be allowed here. 

Let X be a compact C°° manifold. Let P{h) G "^^'^ {X ; flj^) be formally self-adjoint on 
L?{X; ^x)- assume that, if p is the principal symbol of P{h) then 

(4.1) p = 0=^dp^O, p> {if/C for 1^1 > C, 
and that for some 5 > 

(4.2) p-\[-5,5])^T*X. 




Figure 3. A semi-classical black box with an hyperbolic trapped trajectory. 



Suppose that Q{h) is a family of bounded operators on a Hilbert space 7i. Suppose that there 
exist bounded operators 

Ui{h) : L^iX;nl) H 
U2{h) : L\X;nl), 
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such that, microlocally near V, an open subset of p^^{[—5,d]), we have 

U2{h)oUi{h) = Id, 

(4.3) Uiih)oU2{h)^xHh), 

Ui{h) o P(h) o U2{h) = Q{h) o x\h) . 

In practice, the operators Uj[h) are /i-Fourier integral operators (see Proposition |OJ but we 
do not need to make this assumption in the abstract presentation. Figure shows our setup 
schematically in the case relevant for the proof of Theorem |21 

Theorem 5. Let P{h) and Q{h) satisfy the assumptions above and Vq be an open relatively 

compact subset ofT*X. Suppose that A g "i''^^{X,flj^) is microlocally elliptic in Vo, and that 
there exists T > such that 

y pep^\0)\V 30 <t<T, ee{±l} 

(4.4) ' ^ w \ 

exp{esHp){p) C p-\0) \V , 0<s<t, exp{etHp){p) e Vq . 

Suppose also that 

(4.5) ||;^tt(/,)Q(/,)-i||<^, G(/i)>l. 
Then for u e C°°(X, VL\) we have 

(4.6) ||^||<c^||/||+G(/.)||Au||. 

We start with the following standard: 

Lemma 4.1. Suppose that p. A, and V satisfy g3l- If B G *°'°(X,f7|) andWF{B) C T*X\V 
then 

(4.7) \\Bu\\ < Ch-^\\Pu\\ + \\Au\\ + 0{h°^)\\u\\ . 

Proof. In view of the compactness of p~^(0) we can replace Vq by a precompact neighbourhood 
of Vq np~^(0). The assumption Ij4.4ll then shows that it is enough to prove a local version of the 
estimate. We can suppose that WF{A) C U where [/ is a small neighbourhood of mo G Vq and 

WF{B) C U exp{etHp){Ui) C T*X \V , Ui U . 

0<t<to 

If to is small enough we can apply Pronosition l2.2[ as the estimate is clear in the case of P = hOx^ ■ 
In general, we can then split the interval [0, tg] into subintervals in which the io-small argument 
can be applied. □ 

Proof of Theorem\M Suppose that Bi satisfies 

WF{Bi)ciVi, V^Vi, WF{I - Bi) (ZT*X\V . 

Then if Vi is sufficiently close to V then using the second part of 114. 3|l we have 

\\Biu\\ = \\U2X^UiBiu\\+0[h°°)\\u\\ 

= \\U2X^Q-^QUiBiu\\+0{h^)\\u\\ 
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If we now apply H4.R|I and then f\4.lM again, we obtain 

llSi^^ll < ^\\Qx*U,BM\n + 0{hn\\u\\ 
h 

(4.9) < C^i\\Pu\\ + mB,]u\\) + Oih°°)\\u\\ 

< C^\\Pu\\ + Gih)\\B2u\\ + 0{hm\u\\ , 
h 

where B2 e satisfies 

WF{B2) cVi\V , WF{{I-B2)[P,Bi]) = ^. 
Lemma ITU now shows that 

\\Biu\\ < C^P||Pu|| + G{h)\\Au\\ + Oih°°)\\u\\ . 
h 

We now choose B3 e *°'"(X,rj|) such that WF^Bs) C T*X\V, and WFil-B^) cVi. We 
can apply Lemma [4. II with B = B^ and that gives Il4.6|l as ||m|| ~ + ||i33u||. □ 

In some situations we can obtain improved estimates under a modified assumption on . 
This modification will be crucial in Sect |H1 where we will prove ljl.2|l . We present it separately 
not to obscure the simpHcity of Theorem |3 

Theorem [sj. Suppose that the assumptions of Theorem\^ hold, and that in addition, 

(4.10) \\^i(^h)Q-^uMh)\\<^, 

where 4>{h) is a microlocal cut-off to a neighbourhood of V\ \ V , where Vi 3} V is a small 
hourhood ofV. Then we have, 

(4.11) \\u\\<C^\\Pu\\+g{h)\\Au\\. 



Proof. We revisit the proof of Theorem El Instead of moving instantly to 114. 9|l from 114. 8|l using 
Il4.fi|l . we apply the identities H4.3II . and write 

llSi^^ll < C\\x^Q-^Qx^U^B^u\\n + 0{h^)\\u\\ 

= \\x^Q-^Ui{B^Pu+[P,Bi]u)\\n + 0{h'=-)\\u\\ 

< \\x^Q-'UiBiPu\\n + \\x^Q-'Ui^{h)[P,B,]u\\n + 0{h'^)\\u\\, 

where we could insert the cut-off 0(/i) due to the microsupport properties of Bi. 
If we apply 114.611 and Il4.1fl|l we obtain a local version of II4.11|I : 

\\B,u\\<C^\\Pu\\ + ^\\[P,B,]u\\. 
The proof is then completed as in the case of Theorem □ 
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5. Estimates in the homogeneous case: classical control 

In this section we will adapt the semi-classical arguments of Sect^lto obtain a classical version 
of the estimate l|4.6|l . We start by modifying the black box assumptions where we essentially 
follow |S2l,|Hl] but change the ambient space from M" to an arbitrary manifold. 

Thus let X be compact C°° manifold with a (possibly empty) boundary dX. We consider an 
elliptic differential operator of order two, 

with a domain I?o C L'^{X,Vlj^). The choice of the domain includes the possible boundary 
conditions. 

Let F C X be an open set. We also consider an auxiliary manifold X, which coincides with 
X on a neighbourhood, Y oiY - see Fig^for a visualization. 

We then consider complex Hilbert spaces Ti, Hbh with orthogonal decompositions 

H = nY ®L^{x\Y,n\.) 
nhh^nY®L\x\Y,ni). 

For H the orthogonal projections on the two factors are denoted by ly and ]lx\y respectively. 
If Xj € C°^{X) satisfy 

(5.1) suppxo C Csupp(l - xi) C suppxi C y , supp(l - xo) C X \ r 

then multiplication by Xj is well defined on Ti. and Tibb- 

On L^{X) and Tihh we have unbounded operators, Pq and Pbb respectively with domains 

Vo=V{Po)(ZL^X,nl) 
Pbb =' 2?(Pbb) C Wbb . 

A self-adjoint operator, P : H — > H, has the domain T> C 7i, satisfying the following 
conditions: 

(1 - xi)^ = (1 - Xi)P{l - Xo) = (1 - Xi)^^o(l - Xo) = (1 - Xi)^^o , 
Pxo = Xi-Pxo = Xi-PbbXo = PbhXo , 

for any functions satisfying H5.1II . We use the notation from [22i and in particular write 

v°° ^ f] v{p^) , v-^ = {v^y . 

feeN 

We also make another standard "black box" assumption: 

(P -f i)^^ is compact on Ti.. 

As in previous sections we have two types of results. To obtain the assumptions of an analogue 
of TheoremQlwe need resolvent estimates based on hlack box resolvent estimates. That is provided 
in 
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Control regions 



Black box model 



Figure 4. The black box Y, its neighbourhood, Y, in the case when X — T'^ 
is the flat torus, and X = M^, the plane. 

Theorem 6. Suppose that A : ^{A) Hi, Abb : 2'(Abb) ^ Hi, where Hi is a Hilbert space, 
V{A) D V°°, X>(Abb) D V^i,, satisfy, for u e and v € V^, 

Ux\Yu\\n < C{X)--^\\{P~X)u\\n + \\Au\\n, + 0{{X)-°°)\Mn , 

(52) IIHk.. <G(A)((A>-^||(Pbb-A)^;||„,, + ||Abbt'||«,) , |A|^oo, 

Axo = Xi^Xq = Xi^bbXo = -4bbXo , G(A) > 1 , 
Vfc3Cfc; \\AhbXou\\ < Ck{\\Au\\n, + \\u\\j,-k) 
for any Xj 's satisfying 115. Then 

(5.3) \\u\\n < CiG{\) ((A)-i/2||(P - X)u\\n + \\Au\\h,) ■ 
Proof. We first prove the following estimate: 

(5.4) {X)-'/mPo,xo]u\\n<c[{\)-'/^{P 
Indeed, the ellipticity of Pq gives 

l|w|l//2(supp(Vxo)) < C {\\Pou\\l2(^x\Y) + \\u\\l^x\y)) 

<C {\\{P - X)u\\l2^x\y) + {\)\\u\\l2(^x\y)) 



(5.5) 



Using the inequality < Cy/||'u||//2||-«||^2 we get Ij5.4ll . 

We now turn to the proof of Ij5.3ll . The black box assumptions give 

{Phh - X)xou = (-P - X)xqu = [Pq, xq]u + Xo{P - A)m 
Using (15.211 we obtain 

WxouWh = llxo^lk,, < G(A) ((A>-i/2(||xo(P - X)u\\n,, + \\ [Po,Xo]u\\ni,J + \\AhhXou\\Hi 
Above, we can replace the norms in Hhh by norms in H and, using Ij5.2|l and (I5.4|l . this implies 

llxo^lk < CG{X) ((A)-i/2||(P - X)u\\n + \\Au\\n, + 0{{Xr°°)\\u\\n + \\u\\v-^) 
To conclude the proof we use the first inequality in Ij5.2ll and the fact that 

II^IIp-'^ - II(^ + < Ck ((A)-^-||u||„ + ||(P - X)u\\n) 

□ 
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Remark 1. In the proof above, the operators A and Abb could depend on A as long as the 
assumptions are uniform in A. 

The difference between the semi-classical and classical control estimates, and below, 
is more serious. In the classical case the low energy contribution does not allow an explicit time 
dependent constant we have in (compare Ij5.9ll and Ij5.2(i|l below). As investigated recently 
in (221 violent behaviour is expected when fast control is a goal. 

Theorem 7. Suppose that A : I?(A) Hi, where Hi is a Hilbert space, T>(A) D X>°°, satisfies 
the following condition: for all N there exists C n such that for aZZ fc G N and u e , 

(5.6) \\A4,{2-^P)u\\n, + \\A{1 - i:){2-^ P)u\\h, < Cn {\\Au\\n, + 2-^^||u||p-«) , 

V'eCo-((l/2,2)). 

Suppose also that for all X ^M. and u e 1)°° we have 

(5.7) \\u\\n<G{\)\\{P-\)u\\n + g{\)\\M\n^, 
where G and g satisfy 

(5.8) (A)-i <G(A) < (A)^°, C(A)-^° < 5(A) < C"(A)^« , g{\/2) < Cg{\) < C g{2\). 

We also assume the following weak continuity property (see Remark\^ for a discussion) There 
exist Ni £N and a Hilbert space H^ such that Hi C H^ continuously, and the operator Ae^^^ is 
continuous from X>"^o to HJ^^^ (Kt; H*). 

Then there exist constants Cq and Ci = C\{T) such that for any T > Ci limsup|;^|^^ G{X) 
we have for u e V°° , 

(5.9) mP))-'u\\l,<Ci{T) f V'^Aufu^dt. 

Jo 

Remark 2. In the case where the operator P is the Laplace operator with Dirichlet boundary 
conditions, the weak continuity is satisfied in the two following typical situations: 

(1) If A is a pseudodifferential operator supported in the interior of X, then Hi = L'^{X) 
and we can take H^ to be another Sobolev space H~^{X). 

(2) If Au = dnU \y where F C dVl and 9„ is the normal derivative to the boundary. Then 
we can take H'^ = Hi — L'^{dX) as standard trace regularity results for solutions of 
Schrodinger equations show that the assumptions hold with Ni sufficiently large. 

Proof of Theorem\][ We follow closely the proof of Theorem 01 observing first that, with 4" S 

C^(]l/2,2[) equal to 1 close to 1, JOJ and JOl imply 

(5.10) 

(5(A))-i||vl/(P/(A))^||«<G(A)(g(A))^i||vI/(P/(A))(P~A)u||H + q|A«||«,+C'(A)-^||u|b-« 
which in turn implies 

(5.11) \MP))-'^iP/{X))u\\n < G(A)||(g(P))-i(P - X)u\\h + C\\Au\\n, + C(A)-^h||p-« . 
The functional calculus of self adjoint operators gives 

11(1 -vI/)(F/(A))(5(P))-^||«< sup 

which, using Ij5.(i|l again, and Ij5.8|l implies (taking N large enough) that for |A| large enough, 

(5.12) \\(g{P)y'u\\n<CG{X)\\(g{P))-\P-X)u\\n + C\\Au\\n,. 



^-A 



c 



\{g{P))-'u\\n, 
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Proceeding as in the proof of Theorem 01 we define v{t) — exp(itP)u. We introduce a function 

ip e Co°°(]0,l[), and put 



so that 



^(t) = ^ ( I ) m , 



{idt-P)w{t) = -tP' l-]vit). 



Because of the compact support we can take the Fourier transform in t which gives 

Let p be a large constant to be fixed later. For (r) > g/2 we estimate w{t) using H5.12II which 
gives 

(5.13) \MP))-'wir)\\n < C^\MP)r':Ft^A^'i./T)v){r)\\n + C\\Awir)\\n, , 
For (r) < g/2 we simply write, with x e C^Q - 1, 1[) equal to 1 on [-1/2, 1/2], 

(5.14) w{t) = £^ e"(^--) V {x{PIq)u + (1 - x{PlQ))u)dt 



The contribution of the first term is bounded (in 7i) by \\{x{P/Q)u\\n and by integrations by 
parts with the operator we can bound the contribution of the second term by 

(5.15) ^^"l(l + |T|+L + (P))A'""l^ 
From II5.13|I . H5.14II . II5.15|I and the bounds on the weight g, we get 

(5.16) ||(5(P))-ii}(r)||i.(«^^^) <C7(^^^^3^^^i^^ mP))-' J't^A^' {• /T)v\\l.^^^.^u) 



Remark that 

(5.17) \\{g{P))-'€}{r)\\r^.^^^,n)=T'/^nL4{9iP))-'nU 
and 

(5.18) \MP))-'Tt^r{i^'{./T)vU.^u.,n) - T'/'mL4{9{P))-'^A\n 

Consequently, taking p large enough the assumption T > Ci limsup|;)^|_^oo ensures that we 
can eliminate the first and the last terms in the right hand side and get 

(5.19) \\{g{P))-'u\\n < C rpe^*^M||?,^di + q|V><p"llw 

Jq 

To eliminate the last term we use the compactness-uniqueness argument from j2] which we now 
recall. Proceeding by contradiction we obtain a sequence (u„) such that 

(5.20) C||ll(p)<p"«llw > 1 = ll(.9(-P))"'"nllw > " / WAe'^^UnW^^^dt 

Jo 

Define 

(5.21) HT^{ueV-^o : \\{g{P))-\\\^^+ \\Ae''''un\\^^^dt < +00} 

jQ 
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with its natural norm (the definition makes sense because of the weak continuity property of 
Ae**^). Due to the assumption Ij5.8|l and the weak continuity property of Ae^*^ , Ht is a Hilbert 
space which is continuously embedded in 'D~'^°. The sequence is bounded in H and we can 
extract a subsequence converging weakly in to a limit u. Using the compactness of (P + *)^^, 
the operator ]l(p)<p is also compact on V'^" . By passing to the limit we see that u satisfies 

(5.22) C||V><p"llw> 1 
and 

(5.23) 0= r \\Ae''^u\\^^dt 

Jo 

The contradiction comes from the following: 
Lemma 5.1. Denote by 

(5.24) N = {ueHT:0=[ WAe'^^uW^^dt} 

Jo 

Then N ^{0}. 

Proof. We first show that N is invariant under the action of the operator P. Using that Pe^^^u = 
idte^^^u, the only thing to show is that if u € TV then \\{g{P))~-^Pu\\H is bounded. 

We denote by v{t) = e**^w and apply (j5.19|l with T replaced by T — Eq to the sequence of 
functions 

(5.25) = ^vjt + ey^ 

e 

we get for < e < £0 

(5.26) \\{giP))-^v,\t=o \\n < C||V)<P«^ft=o \\n 

and using that Ve\t=o converges to idtu\t=o= Pu\t=o in 2?~^o-i^ -^^g obtain that the right hand 
side is bounded as e tends to 0. Consequently, we can extract a subsequence converging in 
Hr-eo- The Hmit is necessarily (due to the weak continuity property) Pu which implies that 
Pu e N. To conclude, remark that || ]l(p)<pW„||^ is a norm on TV equivalent to the natural 
norm. Consequently TV is finite dimensional. The space N is invariant by the operator P which 
consequently has an eigenvector. But any eigenvector of P in satisfies Au = and is equal to 
due to Consequently TV = {0}. □ 



6. Examples and applications 

In this section we present several applications of our method, giving, in particular the proof 
of Theorems n] 12 and stated in the introduction. 

6.1. Geometric control. As in the introduction we consider fl, a smooth domain in R'', T C dfl, 
and we fix T > 0. For any g S i^([0, T] x F), we denote by u = S{g) the solution of the mixed 
problem Hl.lll . The goal is to find conditions on F so that there exists a large class of functions 
Wo which can be "controlled" by g, in the sense that 

(6.1) u\t=T^O. 

The basic result was obtained by Lebeau (2^ (see also [2Z| and [HHI)- It involves the natural 
concepts of the broken geodesic fiow and of non-diffractive points (see [2H|, and also 0): 
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Theorem 8. Suppose that T controls fl geometrically, that is 

(6.2) 3 Lq such that every trajectory of length Lq meets T at a non-diffractive point, 

where trajectories are with respect to the broken geodesic flow. Then for any T > and any 
ui e H^{fl) there exists g € L^([0,r] x T) such that S{g)\t>T= 0. 

Proof. We flrst recall that as an application of Lions's H.U.M. method we see that Theorem|S| 
is equivalent to 

(6.3) 3C > 0; hollHi(o) < C||9„(e^*^°uo)r[o,T]xr llL2([o,T]xr) 
This follows from Theorem [3 and the following resolvent estimate: 

(6.4) \\Riz)f\\m(n) + VW\\\Riz)f\\L-m < C\\dnR{z)f\\L2^r) + C||/|U.(a) , 

where R{z) = {—Ad — z)^^, with Ad, the Dirichlet Laplacian on ft. In fact, we can simply 
put Au = dnu\r and Hi — -^^(r). To establish 116. 4|l we can use the microlocal defect measures 
arguments as in [5|: we flrst prove 116. 4|l for large z and argue by contradiction. We obtain 
sequences z„ +oo and m„ solution of 

(6.5) (-A - Z„)Un = fn, \\Un\\mn) + -^W^ xUn\\ L^U) = 1, 



(6.6) ll/n||L2(JJ) = O ^-i 

(6.7) ||a„/|U.(r) = o 

Denote by /i„ = ^. Then, modulo the extraction of a subsequence (see |16[ there 

exists a positive Radon measure (a semi-classical defect measure) on T*R'^ such that, ii Un is the 
extension of it„ by outside of 17, we have 

(1) For any /i-pseudodifferential operator. A, on R'', we have 

(/i, (Ta{A)) = ^^■lim_^ {A{x, h.nDx)Un,Un) ^^^^^^ 

(2) The measure fi is supported in the semi-classical characteristic variety: 

(6.8) supp(m) c r*R'* n {{x, 0; 2^ e A?, ICI^ - i 

Furthermore (see 0!^!), using H6.6|l we obtain that this measure is invariant along the gener- 
alized bicharacteristic flow. In the interior, this property is straightforward, whereas, near the 
boundary, it is more involved. In particular, we can show that the measure of the hyperbolic set 
(corresponding to transversal reflections) is equal to 0. This allows a deflnition of a bicharacter- 
istic flow on the set 116. 811 . fi almost everywhere. Due to Hfi.711 the measure is equal to near any 
non diffractive point in F (see j^); which, by 116.211 implies that the measure is identically null. 
Finaly the contradiction arises from the fact that according to Ij6.5ll the measure has total mass 
1. 

The proof of Hfi.4|l for z < —1 is straightforward using elliptic estimates and for —1 < z < 
C, Hfi.4ll is obtained by a contradiction argument (and compactness) and the classical uniqueness 
theorem for second order elliptic operators (for this point we simply use that T ^ 9). □ 
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6.2. Ikawa's black box. In the proof of Lebeau's theorem we did not use any "black-box" 
technology. As illustrated by FigQlwe can employ it in 

Proof of Theorem^ As in the proof of Theorem |H1 we use H.U.M. method and Theorem to 
reduce the argument to the following estimate: 

\\R{z)I\\m(n) + v^||i?(z)/|U2(o) < C\og{\z\) {\\dnR{z)f\\L-HT) + II/IIl^ch)) , 

for Imz 7^ 0. This follows from Theorem^land the following consequence of the work of Ikawa j23l 
Theorem 2.1]. Suppose that Rhh{k) is the outgoing^ resolvent for the Dirichlet problem in the 
exterior of the union of convex obstacles satisfying 

• (convhuU U Gfe) n 6/ = , j^l^k. 

• Denote by k the infimum of the principal curvatures of the boundaries of the obstacles 
9i, and L the infimum of the distances between two obstacles. Then if > 2 we assume 
that kL > N (no assumption if = 2). 

Then there exist a > 0, Cq, and iVo such that for Imfc > —a we have 

An application of the maximum principle as in ^| Lemma 2] and |H1 Lemma 4.10] (see also 
Lemma below) gives a bound 

log(A:) 



(6.9) 



||X^bb(fc)x||L2^L2 < Ci- 



(k) 



and that gives the "black-box" assumption H5.2II with G{X) — log(A) and Abb = 0. 



□ 



6.3. Bunimovich stadium with the flat part as the black box. Our next control theoretical 
application is a new result about high frequency scarring in the case of the Bunimovich stadium^. 
The same argument applies also in recent examples related to quantum unique ergodicity jl4|.j37| 
where the flat part "black box" needs to be replaced by a flat torus. The result which we use in 
the black box (see Pronosition 16. II below) appHes to that case as well. 



Control region, ui 




Figure 5. Control on the Bunimovich stadium 



Theorem[3l. Consider fl the Bunimovich stadium associated to a rectangle R, anduj C which 
controls a neighbourhood of fl\R geometrically. For any solution of the equation (A — z)v = f, 
u\an— we then have 

(6.10) \\v\\L^(n)<C{\\f\\L2^n) + \M\L2^^)) 

^The outgoing resolvent is the meromorphic continuation of (—A — k^)~^ from Imfc > 0. 
^which is perhaps the most celebrated example of a convex chaotic billiard 
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We immediately deduce the following as a consequence of Theorem [3 

Theorem 9. Consider fl the Bunimovich stadium associated to a rectangle R, and lo C which 
controls Q \ R geometrically. Then there exist T > and C > such that 

2 ^ /-^ 1111 „itA„, ||2 



(6.11) \\uo\\i2^n)<C |l]l.e^'^uo||i.(o) 

Jo 

In fact, by using a temporal black box, we could prove Theorem|2l/or any T > 0. 
We are going to deduce Theorem EI from the following result |2J which is related to some 
earlier control results of Haraux and Jaffard 

Proposition 6.1. Let A be the Dirichlet Laplace operator on the rectangle R = [0, 1]^ x [0,a]y. 
Then for any open non-empty lo C R of the form lu — lo^ x [0, a]y , there exists C such that for 
any solutions of 

(6.12) (A-z)m = / on R, u\or^Q , z c^M., 
we have 

(6.13) hWh^n.) < C (ll/llff-i([o,i].;L=([o,a]„)) + 

Proof. We decompose m, / in terms of the basis of ( [0, a] ) formed by the Dirichlet eigenfunctions 

ek{y) ^ ^j2jafiirL{2kTTy/a), 

(6.14) u{x, y) = ^ ek{y)uk{x), f{x, y) = ^ ek{y)fk{x) 

k k 

we get for Uk, fk the equation 

(6.15) (a, - (z + (2fc7r/a)'))ufc = /fe, ^^(0) = ^^(1) = 

Since Ux controls geometrically [0,1], a slight variant of Il6.4|l (or, in this simple case, a direct 
calculation) gives 

(6.16) \Wk\\h([o,iU < C (llMl'ff-ido.i].) + lli^^) 

summing the squares on k we get II6.13|I .^ □ 

Proof of Theorem \M . Let us take x,y as the coordinates on the stadium, so that x is the 
longitudinal direction, y the transversal direction, and the internal rectangle is [0,1]^: x [0, a]y. 
Let us then consider u, / satisfying (A — z)u = /, m = on the boundary of the stadium, and 
x(x) e C^(0, 1) equal to 1 on [e, 1 — e]. Then x{x)u{x, y) is solution of 

(6.17) (A-z)xu = x/+[A,x]"ini? 

with Dirichlet boundary conditions on dR. Applying Proposition 16. II we get 

(6.18) llx^^llL^(fl) < C + ||uU WlHu^)) 

where uj^ is a neighbourhood of the support of Vx- Consequently we get for V a neighbourhood 
of f7 \ i?, 

(6.19) Mlhr) < C (|l/|lL^(fl) + \\u\v \Wiv)) 

■^We remark that as noted in [3j the proof applies to any product manifold M = Mx x My, and consequently 
Theorem 3' holds also for that geometry as a black box. 
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Finally, by standard propagation of semi-classical singularities as in Sect 16. 11 we can replace 
in V hy Lu. □ 

6.4. Semi-classical control with a prescribed loss. For completeness we present a natural 
class of examples in which G{h) in Theorems 21 and El can essentially be a power of h: 

Tfl — 1 

G(/i) = /i~"log(l//i), a= -. m=l,2,---. 

m + 1 

For that consider the following set of Schrodinger operators on IR^ : 

The Helffer-Sjostrand theory of resonances |2Q| applies to this case (see also |3fl[ Sect.l] where 
a discussion of a general polynomial is given). In particular, for the meromorphically continued 
resolvent, Rm{z, h) = {Pm{h) — z)^^, we have the following bound for the cut-off resolvent: 

(6.20) WxRmiz, h)x\\ < Ch-^ log(l//i) . 

In fact, a separation of variables argument and the rescaling x = y show that the resonances 
are at the distance /i^+i from the real axis. The same method shows that the resolvent is 
polynomially bounded in and hence the interpolation argument we used before gives Ij6.2()ll . 

>From Pm{h) we can construct a "black box" for an operator P{h) to which Theorems 01 and 
Owill be applicable with G{h) = h^^^ \og{l/h). 

6.5. Closed hyperbolic orbits on manifolds. We will now discuss the case occuring when 
the black box contains a hyperbolic orbit in more detail, leading to the proof of Theorem [2 

Thus suppose that the hypotheses of that theorem are satisfied. It is well known that we can 
find a coordinate system in a neighbourhood of 7, ?7 ~ x 1^, a neighbourhood of in M"^^, 
in which 7 is identified with and the metric is given by 

g = dO^ + ^ hij{x, 9)dxidxj , 9 x eV . 

l<zj<n- 



Since 7 is hyperbolic we can assume that §^ is the only closed geodesic in U. 

>From this local construction we now build a global scattering problem by extending g to 
a metric, ghh, defined on §^ x M"~^ ~ Sg x S"~^ x [0,oo). We choose g to be asymptotically 
Euclidean: 

5bb ~ dr^ + r'^dO^ + r^gs"--^ (duj) , r ^ 00 , 
and so that 7 is the only closed geodesic of ghh- 

Because of the work of Ikawa ||2^, Gerard IT^, and of Gerard-Sjostrand ^21) it is expected 
that the resolvent of the Laplacian of ghh can be controlled using 116. 9|l , as in Subsection 16.21 
Since the two metrics agree in a neighbourhood of the closed geodecics, we can use the scattering 
problem as our "black box" and apply Theorem with A= (1 — x). That would give Theorem [21 
with (log A)^ in place of log A. To get the improved (and, thanks to an example in ^2], optimal) 
statement we need an improved estimate for the resolvent so that Theorem can be applied: 



||xflbb(fc)0IU^^L^ < , 0ecr, supp0n7 = 0. 

Since the needed results from scattering theory, although expected, are not yet available^ we 
take a simplified route and use a complex absorbing potential to construct a black box operator 



^In 1231 only convex obstacles in the Euclidean case are studied, while in 1171 an analyticity assumption is 
made. 
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Q in Theorem 13'^. That is done in the Appendix with Theorem A furnishing us with the needed 
estimates. Since we can use a neighbourhood of the hyperbohc orbit of any Hamiltonian in phase 
space, we obtain a more general, fully semi-classical variant of Theorem |2l 

m - 

Theorem 121. Suppose that X is a compact n-manifold or M", and P{h) £ 5'™' {X,flj^) has 
the principal symbol, p, satisfying: 

p~^{[—e, e]) (E T*X , for some e > 0, 

p{p) = =^ dp{p)^0, 

3C>0 {0>C =^ P>{^r/C, 

Let J C p~^{0) be closed hyperbolic orbit of the Hamilton flow ofp, in the sense that all eigenvalues 
of the linearized Poincare map are real and different from one. 

There exist constants Cq and ho, such that if u{h) £ L'^{X,Q,\) satisfies 

P{h)u = f. 

then for any A(h) e il^), with its essential support, WF{A), contained in a small 

neighbourhood of 7, we have 

Co [h-\\og{l/h)f l/p + log(l//i) J^\{I- Aih))u\'^ > \u\' , h<ho. 



Appendix 

In this appendix we will construct an operator Q appearing in Theorem for a black box 
containing a hyperbolic orbit on a Riemannian manifold. Ideally, we would hke Q to be the 
complex scaled Laplacian, —h'^Ag — z on an asymptotically Euchdean manifold having one closed 
hyperbolic geodesic as its trapped set. The results of indicate that precise estimates of 

the type needed, and in fact, the full understanding of resonances in logarithmic neighbourhoods 
of the real axis, should be possible. Since we are dealing with the C°° case we will indicate here 
how the arguments of [E] apply to this case. 

Let {X,g) be a scattering manifold satisfying the assumptions of In our apphcation that 
means that near infinity X ~ (0, ej^: x S"~^ x Sj, and the metric is g = dx"^ /x'^+ggn-2 /x'^+dO'^ /x'^ , 
with infinity corresponding to x = 0. We assume that 7 C X is the only closed geodesic on X 
and that it is hyperbolic. 

Let a e C°°(X, [0, 1]) be equal to in a neighbourhood of 7 and to 1, in a neighbourhood of 
infinity. We then put 

(A.l) Q^Qiz)'^^^ -h^Ag-z-iha, z e [1,2] + i[-e,e] . 

The following result will allow applications of Theorem |3 
Theorem A. If Q{z) is given by (lA.H and z I <£ (0,oo), then for h < ho, we have 

(A.2) \\Q{z)-'\\mx)^mx) < c^-^^^ . 

If (f) £ C^{X) is supported away from 7 then we also have 



(A.3) \\Q(z} (P\\l^x)^l^x) < C 



^We remark however that the results of 1181 and 1111 would have been sufficient for the case of hyperbolic 
geodesies on constant negative curvature segments, if one takes the black box approach. 



20 



N. BURQ AND M. ZWORSKI 



To prove this theorem we will use the strategy of the proof of Theorem |3 which means that 
it will be reduced to a local estimate near 7. We start with the well known version of Egorov's 
theorem. To state it we introduce an operator P € such that 

P^p'^{x,hD^;h)+iha{x), /i) e S'"^°(T*X; R) , a £ {T*R;R) . 

We assume that the principal symbol of p satisfies p{x,£,) > {£,)™/C for |^| large enough. Then 
e'xjp{—itP/h) is well defined and bounded on L'^{X) either by the Hille-Yosida theorem or by a 
direct argument. 

Lemma A.l. Suppose that il C (e T*X, p G S'™^°(r*X) is real, and rfptp-i(o)7^ in fl. 
Suppose also that U C fl and that exp(tHp)U C for < t < T . If p is the principal symbol of 
P e ^'"^o and WF{A) is contained in U, A e ^'"^0(r*X), a.m,o{A) a then 



expiitP/h)Aexp{-itP/h) = OpJ^((exp(ti/p))*a) + E{t) , 
^^■''^ \\E{t)\\L2^L2 < Cim{A)e^^'h, 0<t<T, 



where m{A) depends on a finite number of seminorms of the full symbol of A, and Ci, C2 depend 
only on ft and p. 

Outline of the proof. Using Proposition 12.21 the result is obvious for U small enough and t 
such that |Jg<g<j exp(si7p)[/ is contained in a sufficiently small neighbourhood of U. Since fl 
is precompact, the size of U and t can be fixed uniformly in fl. Assuming (as by a partitition 
of unity we may) that the U in the lemma is this small, we can divide the interval [0, T] into 
subintervals of desired smallness. The errors estimates, that is estimates on E{t) in IIA.4|l . are 
multiplicative when switching from one interval to another and that gives the exponential upper 
bound in t. □ 

We can now show that we have control away from a small neighbourhood of 7. See Fig|£|for 
an illustration of the hypotheses of the following 

Proposition A.l. Suppose that e is small, and let t/je G S^{T*X°) nC^{T*X°) be a microlocal 
cut-off to an h"^ -neighbourhood ofTr^^jC] {1/2 < g{x,S^) < 3}, where g is the metric. Then, with 
Q{z) as in IjA.lll . we have 

(A.5) Q{z)u = (1 - ^,)/ =^ 11(1 - i^M\ < C (^^^^) 11/11 + 0{hn\\u\\ . 
If e — then we have an improved estimate: 

(A.6) Q{z)u={l-^Jo)f =^ \\{l-^Po)u\\<C^\\f\\+Oih°°)\\u\\. 

Proof. We will first prove l|A.6|l and then show how it implies ljA.5|l using Lemma lA. II To see 
IIA.fip we choose tpo G so that (1 — ipo){^ — "00) = (1 — "^o) and write 

h / a|up = Im / Q{z)uu= / (1 - ■i/'o)/" 
Jx Jx J X 

< 11(1 -V-o)/!! {\\{l-4'o)u\\+0{h°-)\\u\\ ) , 

where we use the same symbols to denote the operator Weyl quantizing the corresponding func- 
tions. Lemma im can be applied to Q{z) since both the imaginary term ia{x)h and z are lower 
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order terms, and we can choose Au = a{x)u. Hence 

hj^a\u\' < C\\{1 - Vo)/|| (j^m - V-o)/!! + lla^^ll + 0{h°-)\\u\\^ 

< 2-h-^\\{l - Vo)/lP + Ceh\\au\\^ + 0{h°^)\\u\\ , 
e 

which proves (jA.fill . 

We now move to l|A.5|l . Let ipe be a new microlocal cut-off function localized to a annular 
neighbourhood, h*^ < d{», 7) < /i'^/^. Splitting it into incoming and outgoing parts with respect to 
the flow, we can, by forward and retarded propagation respectively, move it by exp{—itQ{h)/h), 
\t\ ~ elog(l//i) into a fixed size set, a finite distance from 7 and away from the support of a. The 
last condition guarantees that the propagator is microlocally unitary. We can then apply l|A.fill . 
We can continue by a dyadic decomposition argument, with the number of terms proportional 
tolog(l//i). □ 




Figure 6. A hyperboHc trapped trajectory 



With the help of the above result we have essentially reduced the proof of Theorem A to the 
proof of the following 

Proposition A. 2. With the notation of PronoHition XXl\ there exist cq, Hq, and Nq such that we 
have 

(A.7) Q{z)u = ^J =^ UM\<Ch-''»\\f\\+0{h°^)\\u\\ 

if z E [1, 2] + i{—coh, +00) and h < Hq. 

Outline of the proof. Using 33, Proposition 5.1] we can reduce the proof of IIA.7|I to an estimate 
for an operator involving the quantum monodromy operator, M{z) (see ^33. Sect. 4], and, for a 
brief introduction, [221 Sect. 2, Appendix]): 

(A.8) - Af (z))-V«||i2(R„-i)_.i2(R„-i) = 0{h-^°+') , ze[l,2]+ t(-coh, coh) , 

where tp^ is a microlocal cut-off to an /i^-neighbourhood of (0, 0) G r*M"^^, induced by ipe after 
the identification with the Poincare section (see FigEJ, and the inverse of / — M{z) exists on a 



22 N. BURQ AND M. ZWORSKI 

Hilbert space Hj^ C L^, and such that 

The operator M{z) is of the same form as the operator e^^^^'^^^'^ Mi, £(7) the length of 7, of ^Hl 
Theoreme 2.6]. We need a translation from the large parameter setting of to the semiclassical 
setting: A = z/h, h = 1/Ai, Ai = ReA. The spaces are defined in |15[ §3.1, §4.2] and the 
estimates for the Grushin problem for I — M{z) are obtained in J3 Theoreme 4.11] (the variable 
z appearing there is exp(iz£(7)/ft) in our notation). Since in IIA.Sp we only need the invertibility 
of the resulting effective Hamiltonian for z e [1,2] + i{—coh,coh), Gerard's analysis gives that 
and much more. □ 

To prove Theorem A we need the following lemma which, for possible future use, we state in 
a slightly excessive generality: 

Lemma A. 2. Suppose that A and B are hounded self-adjoint operators on a Hilbert space H, 

=A, BA^ AB ^ A, 
and F{z) is a family of hounded operators satisfying 

F{z)* =F{z), d,Fh>cId, 00, 

(A. 9) BF{zy^B is holomorphic in [-e, e] +i[-S,S], - < 1/logM, 

\\BF{z)-^B\\ <M, \\AF{z)-^A\\ <1. 
Then for \z\ < e/2, Imz = we have 



(A.IO) llBFiz^BW < , \\BFiz)-^A\\ < . 

Proof. The first part of IIA.lflll works exactly as in j^H Lemma 2] and |H1 Lemma 4.2]. To see the 

improved version we start by observing that the conditions on F and A imply that for Im 2; > 0, 
small, 

Imz||u||^ < CIni(_F(z)u, m) . 
If now F{z)u — Af, then by the assumptions on F, \\Au\\ < \\Af\\, and consequently, 

\\Bur < C\\ur < J-{Af,Au) < j^WAflW 
Im z Im z 

Here we used the facts that = A = A*. Since u — F{z)^^Af, this, and the fact that BA = A, 
give 

\\BF{z)-^A\\ < ^= , lmz>0 
ylmz 

\\BF{z)~^A\\ < C\\BF{z)-^B\\ < CM, 

Interpolating as before gives 

Proof of Theorem A. We first combine Propositions I A . 1 1 and I A . 21 to estimate (1 — 'ipe)Q~^{^ ~ V'e) 
and il^eQ'^i^E by . Then, since 

Q(l - Ve)g"Ve/ = -[Q, V-elQ" Ve/ + (1 " 

by using these estimates (for a different function V') we get an estimate of the same type for 
(1 — ipe)Q~^^e and consequently for . Finally we combine this latter estimate and ljA.6|l 
with Lemma lA.21 a.nnlied to the family of operators w i— > F{w) = {i/h)Q{zo + hw) and A = 
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%upp<j>, B = 1. We can take S independent of h and e = l/{Ch) so that the assumption 
5/e <C l/log(l//i^) is easily satisfied. □ 
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